Abstract-We analyze the tradeoff between collision probability and code-ambiguity, when devices transmit a sequence of preambles as a codeword, instead of a single preamble, to reduce collision probability during random access to a mobile network. We point out that the network may not have sufficient resources to allocate to every possible codeword, and, if it does, this results in low utilization of allocated uplink resources. We derive the optimal preamble set size that maximizes the probability of success in a single attempt, for a given number of devices and uplink resources.
I. INTRODUCTION

I
N LONG Term Evolution (LTE) networks, to be allocated with a distinct "frequency and time" uplink resource, each device first chooses a preamble signal out of a set of preambles (typically 54 in LTE) and transmits it to the network. If multiple devices choose the same preamble, then their messages collide as they use the same uplink resource.
The load on the random access (RA) channel is expected to grow, especially with the advent of emerging technologies, such as the Internet-of-Things (IoT) [1] . When more devices attempt network access within a small time interval, this leads to a higher chance for devices to pick the same preamble, leading to more message collisions. This problem is often referred to as the "Massive Access problem", and has been noted by the Third Generation Partnership Project (3GPP) [2] , with thousands of devices attempting to perform random access within seconds, which is equivalent to tens of devices at each RA subframe. 1 Various approaches have been proposed to address the massive access problem [1] . However, these methods cause excessive time delay [3] , require additional frequency [4] or time [5] resources, are effective only in low load conditions [6] , or ban device access all together [7] .
A recent approach is called Code-expanded Random Access (CeRA) [8] , which is a "game-changing" way of using preamble signals. The idea is to make consecutive preamble transmissions by each device attempting random access. Such a sequence of preambles is then to be interpreted as a codeword by the network, where the number of preamble transmissions in a codeword is referred to as the codeword length. 2 2 Codeword delivery over consecutive RA subframes [8] with x subframe intervals is completed in (n − 1)x + n subframes. a single preamble transmission, hence a codeword length of 1, and a preamble space size of typically 54. In contrast, CeRA proposes to have a larger codeword length of n > 1, resulting in an codeword space size of 54 n instead of a preamble space size of 54. This provides a significant reduction in message collision probability, as it is less likely for multiple devices to pick the same codeword, as compared to the probability to pick the same single preamble. In this letter, this method is referred to as Multi-preamble RA. We note that uplink resources are limited, which affects success probability in a single-shot RA attempt. Hence, some devices may not get a resource when Multi-preamble RA is used, even if they do not experience code collision, since the use of multiple preambles causes ambiguity. The letter provides an analysis of the single-shot RA success probability for Multi-preamble RA, as compared to single-shot LTE.
II. ANALYSIS
In this section, the single-shot random access attempt of Multi-preamble RA is mathematically analysed. m devices perform random access, and each device randomly chooses a sequence of n preambles (hence a codeword of length n), and then transmits each preamble of its sequence at an RA subframe, over n consecutive RA subframes.
A. Collision Probability
When consecutive preamble transmissions are made for network access, the network assigns an uplink resource to different preamble sequences, but not to individual preambles. In this case, the same uplink resource is allocated to multiple devices only when these devices choose the same preamble sequence. For instance, for a preamble sequence {A,B} where A and B are two preambles of the sequence, for collision to happen between two devices, they must both choose preamble A in the first preamble transmission time, and then preamble B in the second. Hence, the collision probability in multipreamble RA experienced by a device D is:
where 1/a n is the probability that device D chooses a specific codeword, and (1 − 1/a n ) m−1 is the probability that the rest m − 1 devices do not choose the same codeword that device D chooses, hence no message collision later on. Note that P coll (1, m, n) = 1 when there is a single preamble to choose from, i.e. a = 1. Furthermore, P coll (a, 1, n) = 0 when there is a single device i.e. m = 1.
B. Code Ambiguity Problem
When multiple devices transmit a sequence of preambles as codewords, the network does not exactly know which codewords are used by devices. This is because all that the network 1558-2558 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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knows is a set of preambles received in each random access subframe, yet not how to match these received preambles to form the exact codewords chosen by devices. This is called the code-ambiguity problem, which is caused by the falsepositives in the set of deduced codewords at the network side.
To quantitatively analyse this problem, the utilisation of uplink resources must first be analysed, as presented next.
C. Utilisation of Allocated Uplink Resources
Let C(a, m, n) denote the number of chosen codewords for m devices choosing codewords of length n using a preamble set of size a. Let S(a, m, n) denote the number of all possible codewords that might have been chosen by devices. That is, S(a, m, n) is the number of all possible codewords that can be deduced by the network, using the different sets of preambles it receives; e.g. if codeword length is n = 2, then the network receives 2 consecutive sets of preambles. Note the number of the deduced (active) codewords is likely to be large as compared to available uplink resources. If the network is able to allocate a resource to each such active codeword, then the utilisation of uplink resources, i.e. goodput, can be defined as
For instance, if there are m = 3 devices, choosing codewords of length n = 2 using a preamble set of size a = 4, and if these devices choose a total of C(4, 3, 2) = 3 different codewords, the network can then deduce a total of S(4, 3, 2) = 6 different codewords. Hence, the utilisation in this example is C(4, 3, 2)/S(4, 3, 2) = 0.5. It must be noted that for large preamble set sizes, the codeword space is also large, and the network is likely to be unable to assign a resource to every active codeword. See Section II-F.
To further quantify the uplink resource utilisation term U defined by (2) , the numerator and the denominator of this expression must be modelled. This is explained next.
1) The Number of Chosen Codewords: The probability that a specific codeword is chosen by at least one device is:
where 1/a n is the probability for a device to pick the codeword, and (1 − 1/a n ) m denotes the probability that none of the m devices pick that codeword. Note that when there is a single device, i.e. m = 1, we have P chosen (a, 1, n) = 1/a n , which is the probability that a device picks a specific codeword.
Multiplying (3) by the codeword space size a n gives the expected number of codewords E[C(a, m, n)] that are chosen by at least one device, given by:
where E[.] is the expected value operator. Note that when there is a single device, i.e. m = 1, we have
2) Number of All Possible Codewords:
The number of distinct preambles N chosen by devices at a preamble transmission subframe is a random variable. Let N = N 1 , N 2 , . . . , N n be the corresponding number of distinct preambles chosen by the network at the n consecutive transmission subframes.
The network can then deduce the total number of all possible codewords that may have possibly been chosen by devices as n i=1 N i . The expected value of N can be calculated by:
where 1−(1− 1 a ) m is the probability that a preamble is chosen by at least one device out of m, and multiplying this by a gives the expected number of distinct preambles chosen by devices.
3) Utilisation: For a codeword length n and an expected number N of received preambles per RA subframe (see (5)), the expected number E[S] of all possible codewords of length n that can be deduced by the network can be calculated by:
where N 1 . . . N n are identically distributed random variables with mean N . Then, using (4), (6) , and (2), the expected utilisation of allocated uplink resources in the presence of code ambiguity can be calculated by:
Note that when n = 1 (LTE case 
D. Trade-Off Between Collision Probability and Code Ambiguity
Although Multi-preamble RA can significantly reduce collision probability, this has a trade-off with its code ambiguity. In case of a codeword length of n = 1 (as in LTE) there is no code-ambiguity, and resource utilisation is 1; however, collision probability quickly reaches 1 for larger number of devices m. In contrast, Multi-preamble RA, i.e. codeword lengths of n > 1, can significantly reduce collision probability. However, this results in an equivalently significant reduction in utilisation of allocated uplink resources.
In Multi-preamble RA, to guarantee that all devices are assigned with a resource, a significantly high number of codewords E[S] = N n must each be allocated with a resource (see (6) ). For instance, for a codeword length of n = 2, a = 54 preambles, and m = 50 devices, this requires resources for N 2 = a 2 (1 − (1 − 1/a) m ) n > 1000 codewords. As a result, many devices cannot get allocated, as uplink resources are practically limited. If the network can allocate, say 100 resources a time, it would need to randomly choose 100 of the 1000 codewords; ≈10% chance to get a resource. In short, making multiple preamble transmissions reduces collision probability, but creates a more significant problem: resource non-allocation. The combined effect of collision and resource non-allocation is analysed in the following. 
E. Modelling Collision and Resource Allocation Events
A device succeeds in an access attempt if both of the following conditions are satisfied: (i) the device chooses a codeword that no other device chooses (i.e. no collision), and (ii) the codeword chosen by a device gets allocated with an uplink resource. Fig. 1 shows different event combinations for a codeword length of n = 2, i.e. 2 dimensions. Success cases are shown to be confined in the inner square area, area (shown on the left). The pictorial representation of the event types shown in the left is the generic model on the right, which is used for analysis purposes. Here, R denotes the number of resources that the network can allocate to codewords. Note that, R = r n , and the average number of all possible codewords selected by devices is E[S] = N n . Since R = r n < N n in this illustration, the network can only allocate resources to a subset of the set of all possible codewords.
F. Resource Allocation Probability
If R < S, then the network has insufficient resources to allocate to each possible codeword. All that the network can do is to randomly assign its available R resources to a subset of R possible codewords out of the S deduced (see Fig. 1 ), since the network does not know which codewords are actually chosen by devices. Hence, for R ≤ N n , the probability P alloc that a codeword in the set of deduced codewords gets allocated with an uplink resource is:
If R ≥ S, then all possible codewords get assigned a different resource, which means all devices are allocated, i.e. P alloc = 1.
G. Probability of Random Access Success in a Single Attempt
Since codewords are chosen with equal probability by devices, and given that a device's chosen one is among the set of S codewords deduced by the network, the probability that a specific codeword is chosen by the device is 1/S. Then, the probability that the codeword is also allocated with a resource is P alloc , as in (8) . Since there are S such possible codewords that the device might have chosen, the probability that the device gets allocated with a resource is then S × 1/S × P alloc = P alloc . Therefore, P alloc in (8) also represents the probability that a device gets allocated with a resource. To succeed in random access, a device's codeword must not be chosen by another device, i.e. no collision, and the device must get allocated with a resource. Hence:
Using (1) and (8), the probability of success in a single attempt is then given by:
The probability of success expression in (10) is a piecewise probability distribution function with two subfunctions f 1 and f 2 , meeting at a point a = a * , such that
are sufficient, i.e. R ≥ N n , hence we have only potential collision events, and no non-allocation events. For a > a * however, since R < N n , non-allocation events may also occur.
H. Maximising Success Probability
To determine the preamble subset size a that maximises the single-shot RA success probability given by (10), it is necessary to study the properties of functions f 1 and f 2 , which meet at a = a * . This meeting point is related with the term R/N n , where R = N n . Here, the denominator N n has the following properties 3 :
e. this term strictly increases for increasing a. Hence, for a given number of uplink resources R, i.e. constant R value, R = N n can occur at a single value of a = a * . For a ≤ a * , i.e. where P s (a, m, n, R) = f 1 , we have d f 1 /da > 0 for m > 1, a > 1; and for a ≥ a * , i.e. where P s (a, m, n, R) = f 2 , d f 2 /da < 0 holds. 4 Hence, P s reaches its maximum value at a = a * , i.e. when R = N n .
This leads to the conclusion that probability of success has its maximum value at a = a * , which is the common end-point of functions f 1 and f 2 . Note that since (1) a is a positive integer in practice, (2) the solution a * may not be an integer value, and (3) f 1 is strictly increasing and f 2 is strictly decreasing, then the maximum value that P s (a, m, n, R) can claim is at either a − = a * or a + = a * .
III. SIMULATION RESULTS In this section, the case of single-shot random access with a single preamble (where codeword length is n = 1, as in LTE) and the case of single-shot random access performed by Multipreamble RA (referred to as Multi(n), with n = 2, 3, 4) are compared for their success probability. The analytical expression in (10) has been verified by Monte-Carlo simulations, providing average results of 10000 repetitions. The arrival rate to the system is m devices per RA subframe.
Multi-preamble RA necessitates a convention that all devices must follow. Based on the codeword length n, all RA Fig. 2 . Multi-preamble RA with codelength n = 2: the RA superframe structure. m devices arrive at each RA subframe. Devices arriving at an S subframe must defer to the upcoming F subframe. As a result, a set of 2m devices send their first preambles at the F subframe, and then send their second preambles at the following S subframe. Fig. 3 . Success probability (P s ) in a single-shot random access with multipreamble RA, for varying preamble set size.
subframes must be labelled, such as First (F), Second (S), Third (T), and so on, forming an RA superframe. An example is shown in Fig. 2 for n = 2. This is necessary, because otherwise different devices would use the same RA subframe to transmit a different part of their sequences, e.g. while one device transmits its first preamble, another might be transmitting its second. As shown in the figure, this convention results in a load of nm devices per RA subframe for Multipreamble RA. When n = 1 (LTE), for each set of m devices attempting RA access at an RA subframe, the network needs R = m new resources associated to each RA subframe. In contrast in Multi-preamble RA, for each RA superframe, the network needs to allocate resources for this cumulative set of nm devices in bulk, i.e. nm resources. Fig. 3 shows that success probability with Multi-preamble RA reaches a maximum level at a certain preamble subset size, which varies with codeword length n. Multi-preamble RA provides higher single-shot RA success probability than the n = 1 case when preambles set size is limited, depending on number of devices attempting RA. The figure also shows that analytical (ana) results overlap with simulation (sim) curves, demonstrating their accuracy.
A. Parameter Effects: a, m and R
To further evaluate the effect of the access load m, i.e. the number of devices per RA subframe, Fig. 4(a) shows comparison results for device access load conditions of up to m = 100 devices per RA subframe. The number of resources R allocated to each RA subframe is R = m, so that there is one resource for each device in the n = 1 case (LTE); in the Multi-preamble RA case, the nm resources for the n RA subframes of an RA superframe are allocated in bulk, i.e. R = nm resources after each RA superframe. Results show that LTE provides a higher single-shot RA success probability for loads up to a certain value of m.
As observed in this figure, the maximum success probability Multi-preamble RA can achieve stabilises at a certain level, for increasing m. For nm devices over n RA subframes, the network allocates R = nm resources. For a sufficiently (1 − 1 a * n ) m−1 = 1/e = 0.3679, as observed in Fig. 4(a) . Fig. 4(b) shows results for varying number of resources R per RA subframe, for m = 50 and m = 100 cases. LTE's single-shot success probability does not change after a certain R, as more resources do not provide further benefit. This point represents R = N , i.e. the number of active preambles observed, for a = 54, n = 1, which occurs for a larger R when m is larger (m = 100). In contrast, Multi-preamble RA benefits from increasing number of resources, as this helps the network to allocate more deduced codewords with a resource, which is the combined effect of code-ambiguity and limited resources, as mentioned in Section II-E.
IV. CONCLUSION
In this letter, we provide mathematical expressions to analyse the single-shot success probability of random access (RA) using a sequence of preamble transmissions in an RA attempt (referred as Multi-preamble RA), instead of a single preamble transmission as performed in LTE. We demonstrate the effects of resource limitation and varying access load, and analytically find the preamble subset size that maximises the single-shot RA success probability, for a given codeword length, number of devices, and available uplink resources.
